A method is presented for post-tensioned reinforced concrete structures whereby the effect of cable tension can be expressed as a distributed or concent rated load. The analysis thus becomes a simple matter of applying methods with which the designer is already familiar. The function of the post-tensioned "ires thus can be visualized easily.
INTRODUCTION
The effect of post-tensioned wires can be simply expressed in terms of a given loading condition on a beam or structure. A structure of this type is in a sense similar to a self-anchored suspension bridge or possibly a trussed beam. For instance, assume a simple beam of constant section as in Fig. 1 to have a parabola or circular-arc for t he shape of the post-tensioned wires. The effect of this post-tensioning on t he beam is the same as a uniformly distributed load acting upward plus a direct compression. If the post-tensioned wires at the ends are located at the neutral axis (or center of gravity) there is no moment due to eccentri city at the ends. The post-tensioned load then could be made to actually counteract a uniform dead load . Consequently, only <lirert compression would exist in the member. 
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-£--------A met.hod of full y counteracting a concentrated load is sho,vn in Fig. 2 . The post-tensioned wires at the ends should be placed at the centroid of the end section of the beam. Along the beam the wires should form two straight segments. In effect this is essentially a trussed beam.
*Presented at the A.CI St. Louis Regional JVIeeting, St. Louis, Mo., Oct. 31, 1951. Title No. 48-28 is a part of copyrighted JO CRN AL OF THE AMERICAN CONCR ETE I NSTITU TE, V. 23, No. 5, J an. 1952, Proceedin(Js V. 48 A manner of counteracting two concentrated loads is shown in Fig. 3 . The post-tensioned wires are straight between reactions and loads. Actually the wires may be considered as the rays of a string polygon.
In the case of a continuous beam we should properly place the post-tensioned wires as shown in Fig. 4 . These wires then induce the same effect on the beam as a uniformly distributed upward load. Thus a uniformly distributed gravity load can be counteracted in this manner.
Take the case of a fixed-ended beam with a uni.form load. This can be worked out as shown in Fig. 5 . Here the reinforcement is disposed in such manner as to counteract the distributed load. If the supports are unyielding, there will be no direct thrust in the beam.
Various cases are discussed in detail to demonstrate the principles involved in the use of the equivalent load method. Then, some rules are presented for use in the general case.
NOTATION
Letter symbols are defined where they first appear, in text or illustrations, and are assembled in Appendix 1 for ready reference.
DERIVATIONS
In the derivations which follow, the friction between the prestress cable Post-Tensioning Lood and the concrete is neglected; however, it can be included, as well as shrinkage and expansion. It is assumed that the members are elastic and that deflections of the structure do not alter its dimensions for purposes of analysis.
In the first part of the paper only beams symmetrical about their gravity axes are considered. This in no way should be taken as a limitation of the method here presented for it applies to irregular members as well. The distributed load resulting from post-tensioning may be expressed in terms of the post-stress and the radius of curvature of the reinforcement. Suppose the reinforcement lies on a parabola or flat circle. Now, since the wire is not bonded to the concrete but is actually post-tensioned, the tension in the wires may be expressed as For a very flat curve the points on the circle and on the parabola lie along practically the same line. Fig. 6 shows one-half of a beam with end connections of the post-tensioned wires at mid-depth and a center eccentricity e. For this simple beam the post-stressed wires are placed along the circular-arc as shown.
An expression can be derived for the radius of curvature, in terms of the span L and center eccentricity e, by use of the Pythagorian theorem. Thus,
The tension in the wires is expressed as
The assumption that the horizontal component is equal to the tension in the wires results in an error of less than two percent. 
Two-span continuous beam of constant section
The two-span continuous beam in Fig. 7 has the post-tensioned wires disposed along a parabola. The beam is of constant section and the end connections for the wires are at mid-depth. For this case the equivalent upward load may be expressed as
An expression for r may be developed as follows:
The beam in Fig. 8a is used to illustrate the method of handling the equivalent load concept. Assume the cables have been post-tensioned to a total stress T. Remove support 2 as in Fig. 8b . The cable tension, T, causes an upward load, Wp, which in turn produces an upward deflection as in Fig.  8c . Say this upward deflection can be computed as Ir----,--
Post-tensioning load
Momeni diagram uniform gravity load Fig. 8f . For the condition in which these two loads are equal the resulting bending moment diagram would be a straight line indicating zero moment. Throughout this discussion it must be kept in mind that there is a direct compression, P, in the beam equal to practically the full value of the tension T.
The variation in the moment of inertia as a result of the cable sheath being located at various heights along the beam has been neglected. It would complicate the procedure but slightly to include this effect.
It should be noted that the continuous beam, with load wP, could have been ana.lyzed by use of either the moment distribution method or the slopedeflection method.
Simple beam of constant section, axis parabolic
Consider the beam in Fig. 9 . The post-tensioned wires are straight, and, located at mid-depth at the ends and distance e below the neutral axis at The beam in Fig. 10 has straight post-tensioned wires. It consists of two straight segments placed in such manner that a peak is formed at midspan. The end connections are at mid-depth and the eccentricity at midspan is distance e below the neutral axis.
In this case the equivalent loading is a concentrated load at midspan. Obviously, this load, PP, acts upward. Because the post-tensioning moment has the same shape as for a concentrated load at midspan, the bending moments at this point are equated to determine the equivalent load. Thus, from which
Pp=-
L

Simple beam of variable section, axis parabolic
Consider the beam in Fig. 11 which has straight post-tensioned wires. The top is straight and the bottom is of parabolic shape. The end connections are at mid-depth and the eccentricity of midspan is e distant below the neutral axis.
The equivalent load may be found easily in the following manner. The depth of the beam any distance x from midspan may be expressed as Straight> ~1 ---------7": ___________ r The eccentricity at any distance x may be expressed as from which
It is an easy matter to include the effect of eccentric end connections.
A moment is applied at the end equal to the tension (actually horizontal component) times the eccentricity.
Continuous beam, constant section, straight wires
The two-span continuous beam in Fig. 12a is of constant section with straight post-tensioned wires. Post-tensioning in this manner is equivalent to applying a negative moment at each end of the beam. The structure may be analyzed in the following manner.
Remove support 2 and determine the displacement at 2 caused by posttensioning the wires. The deflection, indicated in Fig. 12b , is 
IS.
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Te(2L) 2 il2 = ---(upward)
8EJ
Now pull down at 2 with a reaction R2, as shown in Fig. 12c . This displacement may be expressed as
48EJ
The condition of no displacement at 2 is used to obtain an expression for R 2. That is 02' = 02, or, from which
The bending moment diagram as a result of the post-tensioning, T, is shown in Fig. 12d .
The structure could be analyzed easily by either moment distribution or slope-deflection. The loading condition 1s a negative bending moment Pe = T e applied to each end of the beam.
Continuous beam, variable eccentricity
Consider the two-span continuous beam in Fig. 13a . The post-tensioned wires are straight with the eccentricities of the end connections equal to zero. The section of the beam is constant but its axis is in the form of two parabolas. The midspan eccentricity is indicated as e. Fig. 13b shows the bending moment diagram resulting from the posttensioning moment only, support 2 removed. Noting this moment diagram, the deflection at 2 for the simple span 1-3 may be expressed as If a reaction R 2 is assumed to act downward at 2, a resulting bending moment will be as shown in Fig. 13c . Using the bending moment diagram, shown in the figure the deflection at 2 may be expressed as
The reaction at 2 may be determined from the condition 02' = 02
R.£ 3 TeL2
6El 3El
It should be noted that the bending moment, JJ!I 2, is the same as for a tw-ospan continuous beam subjected to a uniform load Wp. The reactions are the result only of the moment due to continuity. In other words, this structure may be analyzed in the usual way for moment by use of the equivalent load Wp. After the moment at support 2 is determined, equate the equivalent load to zero to determine the reactions and shear.
A zero equivalent load for other than the bending moments results from the straight post-tensioning wires. 
Continuous beam, variable section
mid-depth and each midspan eccentricity is e. The upper side is straight. The lower side is curved parabolically. The post-tensioning wire is straight.
The structure is symmetrical and symmetrically loaded by post-tensioning.
The tangents to the axis of the beam at 2 remain unchanged. It therefore follows that in deriving an expression for the moment at 2 only one span need be considered. If A is the area of the M / EI diagram resulting from post-tensioning (see Fig. 14b ) and, if span 1-2 is assumed to be simple, the change in slope at 2 is
For a moment, M 2, applied at 2, if a 1 is the area of the M / EI diagram for 1J12 = unity, and xis the distance from 1 to the centroid of this area (see Fig. 14c ), the change in slope at 2 due to M 2 is
The condition that there is no change in slope at 2 may be expressed as
The above expression gives the same moment at 2 as would be obtained by either slope-deflection or moment distribution. Since the post-tensioning wire is straight the equivalent load wp would be used to determine the moment M 2 by any suitable method, then Wp would be set equal to zero to determine reactions and shears.
Equivalent load
The moment at any point due to post-tensioning may be expressed as
When it is not possible to conveniently express the variation of e mathematically, the following finite difference expression may be used in which e 1 , e2, e 3 = eccentricity at any three consecutive points along the beam and Llx is the distance between the points measured along the beam. The equivalent load can then be expressed as
This expression may be used for members of variable section. The eccentricity e is positive when measured below the centroid of the section. A negative Wp indicates that the load is acting upward. The beam should be divided into equal length segments Llx.
If the post-tensioning wire is straight the equivalent load Wp is used only for determining the moments, after which, it is set equal to zero. If the member is straight and the post-tensioned wire is curved the equivalent load wP should be used for determining moments, reactions, and shears. If the equivalent load wP is based on an e which results from curvature of the posttensioned wires as well as curvature of the axis of the beam, select any convenient datum above the wires to determine the e which should be used to compute the portion of wP to be used in the calculations for reactions and shears.
A structure may be analyzed for applied loads and for the equivalent posttensioning loads. The combined effect may be found by use of the principle of superposition.
Prestressed rigid frame
The prestressed rigid frame may be analyzed the same as any other reinforced concrete rigid frame, if first the equivalent load is determined. Fig. 15 shows a two-hinged rigid frame with straight post-tensioned wires. It is assumed that no eccentricity exists at the ends and that e varies as a parabola. For the post-tensioning effect the frame would be analyzed for moments using all the loads shown. The forces indicated by dashed lines would be set equal to zero in determining the reactions and shears.
REMARKS
Thus far in the discussion friction has been neglected. This factor should 
be small especially for straight wires. In any event every effort should be made to allow the wires to slip easily in the sheath. The effect of shrinkage and plastic flow should be taken care of in the usual manner, i.e., by reducing the working value of T. A 15 to 20 percent · reduction is usually recommended. The error involved in assuming a circle and a parabola to be equivalent might be a maximum of about 1 percent which may be neglected.
The effects of prestressed (or post-tensioned) wires may be expressed as equivalent loading conditions. It is shown that the equivalent load method can be most expeditiously handled. Also, the equivalent load method aids in visualizing the function of the post-tensioned wires.
In analyzing a prestressed concrete structure, first, compute the equivalent load. Second, apply this load to the structure, noting that a thrust exists at the end connections. Third, analyze the structure in any of the usual ways (using slope-deflection, moment distribution, etc., if the structure is statically indeterminate) to determine the bending moments. Fourth, in computing the shears, if the wires are straight set the equivalent loads equal to zero and use only the moments. If the wires are curved apply the equivalent load, resulting from such curvature, to the member. The internal vertical reaction at the end is equal to the vertical component of the tension in the wires. 
